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N O N S T A T I O N A R Y  N O N L I N E A R  H E A T - C O N D U C T I O N  P R O B L E M S  

A.  A .  P u c h k o v  UDC 517.9:536.21 

An exact  analyt ical  solution is cons t ruc ted  for  the one-d imens iona l  nonl inear  nonsta t ionary  p rob lem 
of hea t  conductivity with boundary conditions of the third kind. 

The solution of the nonsta t ionary  one-d imens iona l  p rob l em of heat  conductivity in the absence  of heat  
sources  and sinks within the body re su l t s  in the need to invest igate  the equation [1] 

OT O F OT _~ vF OT + ~ OZT 
pc . . . . . . . . . . . . . .  

Ot Or Or r Or Or z 

Let  us find the t e m p e r a t u r e  T = T ( r ,  t)  sa t is fying this equation, the init ial  condition 

T (r, 0) = r (r) 

and the boundary conditions of the third kind 
or (F or 

(1) 

where  the hea t -exchange  coefficients Pl = ~1( r ,  t ,  T) and P2 = D2( r ,  t ,  T) a re  given or  emp i r i ca l  p a r a m e t e r s .  

L imi t ing  ourse lves  to an examinat ion  of the s y m m e t r i c  p rob l em,  let  us take [1] 

in place of the second condition in (3). 
s y m m e t r y  of the body, r espec t ive ly .  

Le t  there  be the dependences  

Then (1) is reduced to the f o r m  

T p-q+i OT 
~. (t) Ot 

where  k(t) = Q (t)/P(t) .  

(2) 

(3) 

( -k0 0 ,4, 
The values  v = 0, 1, 2 de te rmine  the plane,  cyl indr ical ,  or  spher ica l  

pc = P (t) F (r) TP; ~ = Q (t) 6 (r) Tq. 

G(r) {T OZT r G" (r) -~ + ] 
F (r) OrZ + k F (r) 

(5) 

T "-~-r ~- q Or .I} (6) 

(7) 

We cons t ruc t  the solution of (6) in the f o r m  of the product  

T = ~ ( 0  R (r) 

Inse r t ing  (7) into (6) and separa t ing  v a r i a b l e s ,  we obtain two equali t ies  

dT 
xP-~-~ - k ~ ( t ) ,  (8) 

dt 
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RR" + qR '2 -f- f (r) RR" § kZg (r) R p-q+z = 0. (9) 

We have  h e r e  i n t r o d u c e d  the no t a t i on  

If  p ~ q ,  then we ob t a in  f r o m  (8) 

F o r  p = q we  f ind  in p l a c e  of  (ii) 

f (r)  = d ,, ln[G(r)rV]; g ( r ) =  F(r) (10) 
dr ~(~) 

"~ = ( A - - ( p - - q )  k z f ~. ( t) dt ) '/(p-q). (11) 

( ) = B e x p  - - k  2 ;~(t) dt . 

The  s o l u t i o n  fo r  even  (9) can  be w r i t t e n  fo r  c e r t a i n  v a l u e s  of p and q. 
i t  w i l l  have  the  f o r m  

R ~- Ci exp } j  a (r) r 

If  p = q # - 1 ,  then  p e r f o r m i n g  the s u b s t i t u t i o n  R = u t/(t +q) in (9) and  g iv ing  the  func t ions  F ( r )  and  G(r)  
in the f o r m  

F (r) = D / ( r  v 1 / ' ~ ) ;  G (r) = (D l / 1 - l - - : ~ ) / r  ~, 

we a r r i v e  a t  the e q u a t i o n  

(1 -]- r2)u" 4- ru' 4- (1 -;- q)k2u =: O. 

By u s i n g  the s u b s t i t u t i o n  u = ~(~) (~ = a r s h r )  i t  can  be r e d u c e d  to the f o r m  

~1" § (1 + q) k2~ = O. 

The  s o l u t i o n  of th i s  equa t ion  i s  

~l (r) = a sin (k v"l + q arsh r + C2]. 

F i n a l l y ,  the  s o l u t i o n  of  (9) i s  now g o v e r n e d  by the func t ion  

R = Cl [sin (k ~r l  § qarshr  - -  C2] 1/(,+q). 

L e t  us  e x a m i n e  the c a s e  when  F = G = 1, v = 0, p - q  = 1. Then  (9) i s  s i m p l i f i e d  

RR" 4- qR '~ 4- k2R ~ : O, 

Making  the s u b s t i t u t i o n  

we a r r i v e  a t  the equa t ion  

We hence  f ind  

R '  = R ~/2u (In R)~ 

uu' + (q + 3/2) u 2 + k 2 = 0. 

]D R ~ - -  ] / ( 2q  4- 3) In [(q 4- 3/2) U 2 4- k 2] 4- const .  

+ 3,2 

F r o m  (15) and (16) t h e r e  f o l l ows  

RqdR 
r = X). 

(12) 

F o r  i n s t a n c e ,  fo r  p = q = - 1 ,  i t  

(14) 

(i5) 

(I 6) 

o r  

(17) 
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The substitution 

resul ts  in the quadrature  

where s = (q + 2)/(2q + 3). 

C] -- R ~+~ = z~ 

( C  2 - -  z~)S ' 

Selection of the value of q (q ~ - 3 / 2 )  determines  some value of the quadrature  (19). 
sion found for z f rom (19) into (18), we a r r ive  at the solution of (14). 

By using (7), (12), and (13) we satisfy the boundary condition (3) for  the symmet r i c  problem by con-  
sidering here  that 

F (r) = rm; G (r) = r"; ~ = X0 = const. 

W e  then ob ta in  in  p lace  of (7) 

(18) 

(19) 

Inser t ing the expres -  

CF I--v--n k2fz+m- u ] 
T = A e x p  - -k2)~ot  ~ 1 - - v - - n  (v ':- m ~-  l ) ( m - - n  + 2 " (20) 

If we set m -  n+  1 > 0, then condition (4) will evidently be satisfied for  c = 0. Moreover ,  assuming that 

~q = ~2 = V0 T- :Q (t) 

and satisfying the f i r s t  condition in (3) by using (20), we determine the constant k 2 of the separat ion of var iables  

k2 - g0 (v + m + 1)/( l l+m) 

The initial condition ~0(r) can hence not be a rb i t r a ry  but should have the fo rm 

~tOT2+m_ n ] 
q?(r)=Bexp - -  (m- -n -~  2) l i+~ " 

The constants B, go, m,  n entering here  are  determined by the singulari t ies  of the problem. 

T 
r , x  
t 
9 
C 

~I, ~2 
T(r, t), r(t), R(r) 

(r), P(t), Q(t), 
F(r) ,  O(r) 
v, p,  q , l ,  m,  n, 

D, k0, P'O 
A, B, C1, C2, 
k , a  
A, B, C1, C2, k , a  

N O T A T I O N  

is the t empera ture ;  
are  the l inear coordinates;  
is the t ime; 
is the specific gravity;  
is the specific heat;  
a re  the coefficient of heat  conductivity; 
a re  the coefficients of heat exchange; 

are  the des i red  functions; 

are  the given functions; 

are  the given constants;  
are  the a rb i t r a ry  constants.  
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